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1 Multiaxial Action 

The concept of multiaxial manifold was introduced and studied in [H |5l [6]. For the 
^ ! purpose of this paper, we modify the definition as follows. 

^ ! Definition. A multiaxial U (n) -manifold is a manifold M with locally linear f/(n)-action, 
CN I such that any isotropy group is conjugate to a unitary subgroup U{i), and the action has 
OO ■ free points. 

o ; 

The condition is weaker than required by the earlier work, except the existence of free 
points. In fact, our work also covers the case of no free points. See the discussion after the 
proof of Proposition 11.21 The condition is added only for the simplicity of presentation. 
rS [ Our multiaxial ?7(n)-manifold is stratified 

M = Mo D M_i D M_2 D ■ ■ ■ D M_„, (1) 

where M_j = U{n)M^^'^'> consists of all the points fixed by some subgroup conjugate to 
U{i). The quotient M = M/U{n) is then stratified with strata 

M.i = M.i/U{n). 

The pure strata of M are M~* = M_j — M_j_i, which consists of points with isotropy 
group conjugate to U{i). The pure strata of M are M~* = M_j — M_j_i. 
The isotropy groups of multiaxial manifolds have special properties. 



* Research was partially supported by an NSF grant 
t Research was partially supported by an NSF grant 
■I- Research was supported by Hong Kong Research Grant Council 



1 



Proposition 1.1. Suppose H G K G G = U{n) are unitary subgroups. Then the NH- 
action on (G/K)^ is transitive. In other words, if H G K and g^^Hg G K , then g = uk 
for some v G NB. and k & K . 

Proof. The unitary group G = U{n) consists of the unitary transformations of C". The 
unitary subgroups K and H consist of those unitary transformations that respectively 
fix some subspaces Vk and Vh- Now H G K means Vk G Vh and g~^Hg G K means 
gVx G Vh- Therefore there is a unitary transformation v that preserves Vh and restricts 
to g on Vk- Then v^^g preserves Vk-, so that v^^g G K. Moreover, the fact that v 
preserves Vh means that v G NH. 

The transitivity of the A^if- action on (G/K)^ means that if gK G (G/K)^, then 
gK = uK for some u G NH. Since gK G (G/K)^ means g~^Hg G K, and gK = uK 
means g = vk for some k G K, we see that the transitivity is the same as the group 
theoretical property above. □ 

Proposition 1.2. Suppose G acts on X, such that every pair of isotropy groups satisfy 
the property in Proposition Then GX^ /G = X^ /NH for any isotropy group H. 

Proof. We always have the natural surjective map X^ /NH — )■ GX^ /G. Over a point in 
GX^ /G represented by x G X^ , the fibre of the map is {Gx)^ / N H . Therefore the map 
is one-to-one if and only if the action of NH on {Gx)^ = {G/Gx)^ is transitive. □ 

Propositions 11.11 and 11.21 imply that 

M_i = M^i/U{n) = M^^^ /U{n - i), (2) 

where U{n — i) is naturally identified with the Weyl group NU{i)/U{i) of U{i) in U{n). 
The equality shows that, as far as the orbit space is concerned, the study of the stratum 
M_i is equivalent to the study of the orbit space M^'^'^^ /U{n — i) of M^'^*\ which is itself 
a multiaxial U{n — z)-manifold. For example, if M does not have free points, then the 
minimal isotropy group is conjugate to U{m) for some m > 0. Then the study of the 
U (n)-manifold is the same as the study of the U{n — m)-manifold M^^'^\ for which there 
are free points. This is the reason the existence of free points is added to our definition. 

The equality ([2]) can be considered as some kind of "hereditary property" for the orbit 
space. We wish to have the same property for the links between various strata. In general, 
if G acts locally linearly on a manifold M, then the strata of M are GM^ for various 
isotropy groups K, and the strata of the orbit space M/G are GM^ / G. At a point x G M 
with isotropy group K, the normal direction of GM^ in M is a i^'- representation Ux- The 
link of the stratum GM^ /G in M/G is then S{i'x)/K, where Sl^x) is the unit ball of u^- 

The link S{vx)/ K is also stratified, with strata KS{vx)^ / K for various isotropy groups 
H G K. On the other hand, we have the inclusion of strata 

GM" G GM^ G M, 

and the corresponding strata for the orbit space. The "hereditary property" we wish to 
have is that KS{vx)"/K is the link of GM^/G in GM^/G- 

Proposition 1.3. Suppose H G K G G satisfy the property in Proposition M . 1\ Suppose 
S is a K -space and X = G x k S . Then 
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1. = NHx^HnKS". 

2. GX^ = GS". 

Proof. It is easy to see that NH x nhhk is embedded in X and fixed by H. Conversely, 
an element x = 5^5 G X, (7 G G, s G S*, is fixed by H if and only if s is fixed by g~^Hg. 
However, we have S* fl aS* 7^ if and only ii a & K. Therefore g~^Hg C K. By the 
property in Proposition 11.11 we have g = vk for some v G NH and k & K. Therefore 
u'^x = ks & S, so that x = u{u~^x) G NH x nhhk . 

It is clear that C X^ . The first part also implies X^ C GS^ . The second part 
then follows. □ 

Proposition 1.4. Suppose H G K are isotropy groups of locally linear G -manifold M , 
such that the property in Proposition \1.1\ is satisfied. If is the normal representation 
of GM^ at a point x of isotropy group H , then the link of GM^ /G in GM^ /G is 

KS{v^)"/K = K x^HHK S{u,f/K = S{v,)"/{NH n K). 

Proof. The classical slice theorem says that, there is a slice cr^ at x, which is a K- 
representation, such that G x^ is a tube neighborhood of the orbit Gx. Since the 
study of link between strata is local, we may assume M = G x^ cr^ is the tube. Then 
GM^ = G Xk = G/K x , and the hnk of GM^/G = af in M/G = ajK is 
S{i'x)/K for the i^'-representation = (^x/(^x ■ 

Given that the isotropy groups K C H satisfy the property in Proposition 11.11 we 
may apply Proposition 11.31 to get the corresponding strata 

GM^ = G/K X (xf c GM" = G x^nnK C M = Gxk (Tx- 

This is the induction of the i^-spaces 

C K XNHr\K cr^ C a^. 

The normal direction of GM^ in Gm is obtained by dividing erf 

* C K XNHnK (o-f /c^f ) = K Xnhhk z^f C z/f . 

Thus we conclude that the link of GM" /G in GM^/G is indeed K x nhck S{ux) /K. □ 

2 Homotopy Property 

In a stratified space, the neighborhoods of strata are often stratified systems of fibrations 
over the strata. The fundamental groups are related as follows. 

Proposition 2.1. Suppose E ^ X is a stratified system of fibrations. If the fibres are 
(nonempty and) connected, then ttiE — )■ ttiX is surjective. If the fibres are connected and 
simply connected, then ttiE — )■ ttiX is isomorphic. 
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Proof. If i?—)- X is a genuine fibration, then the two claims follow from the exact sequence 
of homotopy groups associated to the fibration. 

Inductively, we only need to consider X = Z Usz Y, where Y is the union of lower 
strata, Z is the complement of a regular neighborhood of Y, and dZ is the boundary 
of the regular neighborhood as well as the boundary of Z. Correspondingly, we have 
E = EzLIeqzEy, such that Ez — > Z is a fibration that restricts to the fibration Eqz — ^ dZ, 
and Ey — )■ F is a stratified system of fibrations. Then we consider the map 

TllE = -KlEz *niEgz T^lEy TTiX = TTiZ *T,^dZ T^lY. 

If the fibres oi E ^ X are connected, then -kiEz — )■ ttiZ and niEgz — )■ nidZ are surjective 
by the genuine fibration case, and iriEy — )■ ttiY is surjective by induction. Therefore the 
map niE — > ttiX is surjective. If the fibres of E ^ Z are connected and simply connected, 
then all the maps are isomorphic, so that the map ttiE — )■ ttiX is isomorphic. □ 

Proposition 2.2. Suppose X is a stratified space, such that all pure strata are connected, 
and links are not empty, then X is connected. Moreover, if all pure strata are connected 
and simply connected, and all links are connected, then X is simply connected. 

We remark that a link L of a stratum X^ in another stratum is stratified, with 
strata corresponding to the strata X^ satisfying X^ C X^ C X^. Moreover, the link 
of in Ly is the same as the link of X^ in Xy. The proposition implies that, if the pure 
strata of the link between any two strata sandwiched between Xa and X^ are (nonempty 
and) connected and simply connected, then the link of Xa in X^ is simply connected. 

Proof. If the links are not empty, then any pure stratum is glued to higher pure strata. 
Therefore the connectivity of all pure strata implies the connectivity of the union, which 
is the whole X. 

Now assume that all pure strcitcL are simply connected, and all links are connected. 
Let y be a minimum stratum. Then we have decomposition X = Z Ugz Y as in the proof 
of Proposition 12.11 The complement Z is a stratified space, with the pure strata the same 
as the pure strata of X, except the stratum Y. Moreover, the links in Z are the same 
as the links in X. By induction, we may assume Z is simply connected. Moreover, Y is 
already assumed to be simply connected. The fibre of the fibration dZ Y is the link 
of y in X, which is assumed connected. Therefore we know dZ is connected. Then by 
Van-Kampen theorem, ttiX = ttiZ *.,^^qz ttiY is trivial. □ 

Proposition 2.3. Suppose X is a stratified space, and Y is a closed union of strata of 
X . If for any link between strata of X , those pure strata of the link that are not contained 
in Y are connected and simply connected, then tti{X — Y) = ttiX. 

In case the stratification is X D X_i D X_2 D ■ ■ ■ , and Y = X_j, the link L of X_j 
in X_fc is stratified 

L = D L^k-i Oi • ■ ■ D 

where L_i corresponds to X_i. The condition of the proposition is that L_i — L_i_i is 
connected and simply connected for any k < I < i. 
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Proof. We have decomposition X = Z Ugz Y as in the proof of Proposition 12. 1[ The 
fibre of the stratified system of fibrations dZ — )■ F is a stratified space Ly depending 
on the location of the point y & Y. If Yy is the pure stratum containing y, then the 
pure strata of Ly are the pure strata of the hnk of Yy in X that are not contained in 
Y. By Proposition 12.21 and the remark afterwards, the assumption of the proposition 
imphes that Ly is connected and simply connected. Then we may apply Proposition 12.11 
to get TTidZ = TTiY. Further application of the Van-Kampen theorem gives us ttiX = 
TT,Z*^,9Z7T,Y = niZ = n,{X-Y). □ 

Now we turn to our multiaxial [/(n)-manifold M. The map M — )■ M = M/U{n) is a 
stratified system of fibrations with fibre U{n)/U{i) over the pure stratum M~\ The fibre 
is always connected, and is simply connected when i > 0. Therefore by Proposition 12.11 
the map 7riM_j — )■ 7riM_j is isomorphic for i > and is surjective for i = 0. 

The link of M_j in M is a sphere S"^ with multiaxial f/(i)-action. The sphere has 
no fixed point by U{i), and the fixed points {S'^)'^^^^ by smaller unitary groups are also 
spheres. The orbit space S'^/U{i) is the link of M_j in M. By Proposition II. 4[ the strata 
of S'^/U{i) are the links of M_i in M_j 

{sr^^yu{z-j) = m) x^(,_,) {sr^^^)/u{z). (3) 

Proposition 2.4. The link of M^i^i in M^i is homotopic to CP^' , and = ro + i. 

Proof. The link of M_i in M is a sphere, with free action by U{1), which is the circle 
group 5*^. Thus the sphere has to be odd dimensional, and the quotient of the sphere by 
the circle is homotopic to a complex projective space CP*^". This quotient is the link of 
M_i in M. By ([2]) and the remark afterwards, the link of M_j_i in M_j is also homotopic 
to a complex projective space CP'^\ 

The link of M_2 in M is a sphere S"^ with multiaxial U (2)-action. The isotropy groups 
are either trivial or conjugate to U{1). The fixed set (S'^)'^^^^ = S'^ has free action by the 
Weyl group f/(l) of f/(l) in U(2). By Proposition II. 4[ the quotient S'^' /U{1) is the link 
of M_2 in M_i. Therefore 

2ri + 1 = d'. (4) 

On the other hand, the lower stratum of S'^ is U (2) y<u{i)xuii) {SY'-^^ (where U{1) x f/(l) 
is the normalizer of U{1) in U{2)), which corresponds to M_i. Since the link of M_i in 
M is we get 

2ro + 1 = dim^'^ - dim([/(2) Xuii)xu{i) (S^f^'^) - 1 
= d-d' -dim U{2) + dim f/(l) x U{1) - 1 
= d-d' -3. (5) 

By a theorem of Borel |2l page 175], we have 

d + l = dim^'^ + l 

= (dim(S'^)^(i)^i + 1) + (dim(5^)i^^(i) + 1) 

= 2(dim(5^)^W + l) = 2(c/' + l). (6) 

From (jl]), and ([HD, we get ri = tq + I. By ([2]), we have similar relation rj+i = rj + 1. □ 
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Proposition 2.5. All strata and pure strata of the links in M are connected and simply 
connected, and 

7ri(M_i - M_,) = 7ri(M_i), j > %. 

In particular, the pure stratum M~* and the stratum M^i have the same fundamental 
group. 

Proof. We first prove that the top pure stratum of the hnk of M_i in M is simply con- 
nected. The link is the orbit space of the link of M_i in M, which is a sphere S'^ with 
multiaxial ?7(2)-action. By Proposition 11.41 the next stratum of the sphere, which corre- 
sponds to M_i, is U{i){S'^)^^^^ = U{i) Xu(i-i)xuii) iS'^)^^^\ The top pure stratum of the 
link S'^/U{i) is 

57?7(z) - {Sy^^^Uit - 1) = {S'' - U{i){S''f^^'^)lU{i). 

We will show that this is simply connected. 

Since S"^ and U{i){S'^)^^^^ correspond to M and M_i, by Proposition 12. 4[ we have 

dimS"' - dimU{{}{S'^f^^^ = dimM - dimM_i = 2ro + 2. 

If ro > 0, then the dimension gap is > 3, so that 

7ti{S''-U{t){SY^'^)=niS''. 

By d > 2ro + 2 > 3, the complement S'^ — U{i){S'^)^^^^ is simply connected. Since U(i) is 
connected and acts freely on the complement, the quotient is also simply connected. 

What about the case tq = 0? In this case, we consider the stratum [/(i)(S''^)^(^) of the 
link S'^ two steps down, which corresponds to M_2. Deleting this stratum, we get a two 
strata t/(i)-space X = S'^ — U{i){S'^)^^'^^ with lower stratum 

The dimension gaps 

dim^*^' - dimU{i - \){S'^'f^^^ = dimM_i - dimM_2 = 2ri + 2 = 2ro + 4 > 4, 
dim^'^ - dimf/(i)(S'^)^(2) = dimM - dimM_2 > dimM_i - dimM_2 > 4. 

Therefore X and S"^' — U{i — 1)(5"^')^''^^ are simply connected. Moreover, by the fibration 
(and i must be > 1 in current discussion) 

S''' - U{t - ^ X_i ^ U{{}/U{t - 1), 

we know X_i is also simply connected. 

We have a decomposition X = Z Uoz X^i, where Z is the top pure stratum, and dZ 
is the boundary of an equivariant regular neighborhood of X_i and is also the boundary 
of Z. The top stratum Z has free f/(i)-action, and we want to show Z/U{i) is simply 
connected. 
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The assumption tq = means that we have a fibration 



where U{i) acts freely on Z, and is the orbit from the action of a subgroup conjugate 
to U{1). Since the inclusion of in U{i) induces ttiS^ = TTiU{i), we get 

n,{dZ/U{t)) = n,X^, = {l}. 

On the other hand, by Van-Kampen theorem, we have 

{1} = TTiX = TTiZ *^^QZ 7riX_i = TTiZ *^-^Qz {I}- 

This implies that TCidZ — > ttiZ is onto. Since U{i) is connected, the composition rcidZ — )■ 
TTiZ — )■ 7ri{Z/U{i)) is also onto. On the other hand, the composition factors through 
TTi{dZ/U{i)), which we have shown to be trivial. Therefore ni{Z /U{i)) is the trivial 
group. 

The formula ([3]) shows that the other pure strata of links are comparable to the top 
pure strata of M_j in M . Therefore they are also connected and simply connected. The 
other claims in the proposition follow from Propositions 12.21 (and the remark afterwards) 
andO □ 



3 General Splitting Theorem 

The homotopy property of multiaxial [/(n)-manifolds makes it possible to split its iso- 
variant structure set. In fact, we have splitting in the following general set up. 

Theorem 3.1. Suppose X = Xq D X_i D X_2 D ■ ■ ■ is a stratified space, satisfying the 
following properties 

1. The link of X_i in X is homotopic to CP^ with even r. 

2. The link bundle of X^i — X_2 in- X is orientable. 

3. The top two pure strata of the link of X^i in X are connected and simply connected. 
Then there is a natural homotopy equivalence of surgery obstructions 

L(X) = L(X,relX_2) ©L(X_2). 

Moreover, we have 

L(X,relX_2) = L(7riX, 7riX_i). 

The surgery obstruction L(7riX, 7riX_i) in the last equality is used for the surgery 
problems over a manifold Z with boundary dZ satisfying dimZ = dimX, -kiZ = ttiX 
and TTidZ = 7riX_i. 

It will be clear from the subsequent argument that CP^ is used to get the periodicity 
for the classical surgery obstructions. Therefore it can be replaced by any manifold of 
signature one. 
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The second condition simply means that the monodromy action preserves the funda- 
mental class of CP^. 

In the third condition, let E be the boundary of a regular neighborhood of X_2 in X. 
Then the regular neighborhood is the mapping cylinder of a map E — )• X_2, which fits 
into a stratified system of fibrations 

E X_2. 

This is a fibration over the pure stratum X_j — X_j_i, i > 2, with the fibre L being the 
top two pure strata of the link of X_i in X. 

The boundary ii^ is a two strata space with lower stratum E^i = E (1 So we 

actually have a stratified system of fibrations 

(L, ^ {E, E^i) X_2, L_i = L n = L n X^i. 

The third condition means that L — L_i and L_i are connected and simply connected. 
We also note that both the link of E^i in E and the link of L_i in L are the link of X_i 
in X, which is CP^' by the first condition. 

Thus the condition of Proposition 12.21 is satisfied by L, so that L is also connected 
and simply connected. In fact this follows directly from a simple computation by the 
fundamental group of fibration and Van-Kampen theorem. Moreover, the condition of 
Proposition 12.31 is satisfied by F = X_i and Y = X_2, so that 

TTiX = 7ri(X - = 7ri(X - X_2). (7) 




X 



Figure 1: Regular neighborhood of X_2 in X 

To prove the theorem, we first establish the following result, which is essentially a 
reformulation of the periodicity for the classical surgery obstruction [lOl Theorem 9.9]. 

Proposition 3.2. Suppose X is a two strata space, such that the link bundle of X_i in 
X is an orientable fibration with fibre homotopy equivalent to CP^ for some even r. Then 

L(X) = L(X,relX_2) = L(7riX, 7riX_i). 

Proof. We have X = ZUqzX_i, where Z is the top pure stratum, and dZ is the boundary 
of a regular neighborhood of X_i and is also the boundary of Z. Moreover, the assumption 
says that dZ — )■ X_i is an orientable fibration with fibre homotopy equivalent to CP*". 
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The surgery obstruction h{X) of the two strata space X naturally maps to the surgery 
obstruction L(Z) of the manifold Z with boundary dZ. The map fits into a fibration 

h{dZ X [0, 1] U ^ L(X) ^ L(Z). 

Here the mapping cylinder dZ x [0, 1] UX_i is a regular neighborhood of X_i in X and is 
a two strata space with X_i as lower stratum. The surgery obstruction further fits into 
a fibration 

h{dZ X [0, 1] U ^ L(X_i) ^ L((9Z), 

given by the restriction and the transfer. Since dZ — )■ X_i is an orientable fibration 
with fibre homotopy equivalent to CP** for some even r, by the classical periodicity for 
the surgery obstruction [51 IS], the transfer map is a homotopy equivalence. Therefore 
the second fibration tells us that L((9Z x [0, 1] U is contractible, and then the first 
fibration tells us 

L(X) = L(Z) = L(7riZ,7ri9Z). 
The fibration CP^' — t- dZ — )■ X_i implies nidZ = 7riX_i. Then by Van-Kampen theorem, 

Proof of Theorem We adopt the notation in the discussion after the theorem. Let Z 
be the complement of the regular neighborhood of X_2- Then Z is a two strata space 
with lower stratum Z_i = Z (1 X_i. On the other hand, the two strata space E is the 
boundary of Z in the sense that a neighborhood of in Z is a collar. We will use Z and 
E to denote the spaces equipped with two strata, and use {Z, E) to denote the space Z 
considered as four strata space, in which the two strata of E are also counted. 

The inclusion Z — t- X is a stratified map and induces a map L(Z) — )■ L(X). Moreover, 
we also have a natural map L(X) — )■ L(Z, i?) to the four strata space {Z,E). The 
composition 

L(Z) ^L(X) ^L(Z,E) (8) 
is the natural inclusion map that fits into a fibration 

h{Z) ^h{Z,E) ^h{E). (9) 

The two strata space E satisfies the condition of Proposition 13. 2[ so that h{E) = 
L(7ri£', 7ri£'_i). We have stratified systems of fibrations 

L^E ^ X_2, L_i ^ E_i -> X„2- 

Since L and L_i are connected and simply connected, by Proposition 12. ![ we have 

-KiE = TTiE^i = 7riX_2- (10) 

Then it follows from the tt-tt theorem of the classical surgery theory that L,{E) is con- 
tractible. Therefore by the fibration dH]), the natural map L(Z) — )• h{Z, E) is a homotopy 
equivalence. This further implies that in the composition (|H]), the first map is naturally 
split injective, and the second is naturally split surjective. On the other hand, the first 
map fits into another fibration 

h{Z) = L(X,relX_2) ^ L(X) L(X_2). 
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Therefore the natural sphtting induces a natural homotopy equivalence 

L(X) =L(Z)©L(X_2) = L(X,relX_2) ©L(X_2). 

Proposition 13.21 can be applied to Z and gives us L(Z) = L(7riZ, 7riZ_i). By ([7]), we 
have TTiZ = HxiX — X^-i) = ttiX. By (ITOl) and Van-Kampen theorem, we have ttiZ^i = 
7riX„i. □ 

The natural splitting of the surgery obstruction induces a natural splitting of the 
structure set. The next section proves the special case of multiaxial t/(n)-manifolds, and 
that proof contains all the key ingredients for proving the general result. Therefore we 
simply present the general result without giving proof. 

Theorem 3.3. Suppose X = Xq D X_i D X_2 D ■ ■ ■ is a stratified space, satisfying the 
following properties 

1. The link of X_i in X is homotopic to CP'' with even r. 

2. The link bundle of X^i — X_2 in X is orientable. 

3. The pure strata of all links are connected and simply connected. 
Then there is a natural homotopy equivalence of structure sets 

§(X) = rel X_2) © S(X_2). 
Moreover, relX_2) is the homotopy fibre of the assembly map 

e(X, X_i; L) ^ L(7riX, ttiX.i). 
We remark that CP*" can be replaced by any manifold of signature one. 



4 Structure Set of Multiaxial Action 

By Proposition 12.51 the pure strata of links in a multiaxial [/(ra) -manifold are all simply 
connected. Then by the topological /i-cobordism theory [1] [7], the neighborhoods of 
strata have block bundle structure, and the manifold can be considered as being of the 
PT category [H]. By the stratified surgery theory in |Tl], the structure set S[/(„)(M) can 
be computed by the "unstable surgery fibration" 

§c/(„)(M) ^ H(M;Lc;(„)(locM)) ^ Lc/(„)(M). (11) 

From the discussion in Section [2], if ro is even, then the orbit space M satisfies the 
conditions of Theorem 13. 1[ Therefore we have the natural splitting 

Lt/(„)(M) = Lc7(„)(M,relM_2) ©Lt7(„)(M_2) = L(7riM, 7riM_i) © L(M_2). 

By ([2]), the surgery obstruction of M_2 is the same as the surgery obstruction of the 
multiaxial U{n — 2)-manifold M^^'^\ Moreover, by Proposition 12. 4[ ro even implies r_2 = 
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To + 2 is also even. Therefore the surgery obstruction of M_2 can be further naturally 
split 

Lj;(„)(M_2) = L^(„_2)(M^('^) 

= Lf;(„_2)(M^(^),relM!ff ) ©Lc/(„_2)(M5f ) 
= Lc/(,)(M_2,relM_4) ©L[;(„)(M_4). 

Keep going, we get the following natural decomposition. 

Proposition 4.1. Suppose M is a multiaxial U{n) -manifold, such that the link of M^i 
in M is CP^ with even r. Then we have natural splitting 

Lc/(„)(M) = ©i>oLc/(„)(M_2i,relM_2i-2) = ®^>o^^T^M_2hnlM^2i-l)■ 

The condition for r even is equivalent to dim M — dim M'^^^-' — 2n is 2 mod 4. Applying 
the natural splitting to the surgery fibration ( ITTl) . the assembly map is naturally the sum 
of the following assembly maps 

M(M;Lt/(„)(loc(M_2i,relM_2i-2))) ^ Lt;(„)(M_2i, rel M_2i-2). 

Since the coefficient of the homology is concentrated on the stratum M^2i, the assembly 
map is actually 

H(M_2i;Lt;(„)(loc(M_2i,relM_2i-2))) ^ Lc7(„)(M_2i,relM_2i-2). 

By applying the stratified surgery theory to M_2i relative to the lower stratum M_2i-2, the 
homotopy fibre of the map above is actually the structure set E>u(n~2i){M^^'^^\Te\ M^2^^''). 
Therefore 

= ©i>oS[/H(M_2i,relM_2i^2) 

= ©i>o§(M-2i,relM_2i-2). (12) 

The top piece §;7(„)(M, rel M_2) in the decomposition is the homotopy fibre of the 
assembly map 

H(M;Lc;(„)(loc(M,relM_2))) ^ Lt;(„)(M, rel M.a). 

By Theorem 13. we have L^(„)(M, rel M_2) = L(7riM, 7riM_i). On the other hand, the 
coefficient L[7(„)(loc(M, relM_2))) in the homology depends on the location. 

1. At a point in M — M_i, the coefficient is L(D^) = L(e), where is a ball in the 
manifold M - M_i. 

2. At a point in M_i — M_2, the coefficient is L(cCP^ x D^), where cCP^ is cone on 
the link of M_i in M, and is a ball in the manifold M_i — M_2. Since r is even, 
the surgery obstruction L(cCP'' x D^) is contractible by the classical periodicity. 
See Proposition 13.21 
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3. At a point in M_2, the point belongs to some M_j — M_j_i, and the coefficient is 
L(L X D^), where L is the top two pure strata of the link of M_j in M, and 
is a ball in the manifold M_j — M_j_i. See the discussion after Theorem 13.11 The 
situation fits into Proposition 13. 2[ and by the connectivity and simple connectivity 
of L and L_i, the surgery obstruction L(L x D^) = L(7riL, 7riL_i) = L(e, e) is 
contractible. 

Thus the coefficient is the surgery obstruction spectrum L = L(e) on the top pure stratum 
M — M_i and is trivial on M_i. Therefore the assembly map is simply 

H(M, M_i; L) L(7riAf , 7riM_i). 

If M were a manifold with boundary M_i, then the homotopy fibre of the assembly 
map above would be the structure of the pair. Here the homotopy fibre is an algebraic com- 
putation that cannot be strictly interpreted as the structure of the pair. Therefore we de- 
note the homotopy fibre by §^'e(M, M_i), and we have §[/(«) (M, rel M_2) = §''^§(M, M_i). 
The other pieces in (fT2|) are similar, and we have 

§(M_2„relM_2._2) = §^'^(M_2^, M-2^-i). 
We summarize the discussion into the following decomposition. 

Theorem 4.2. Suppose M is a multiaxial U{n) -manifold, such that the link o/ M_i in 
M is CP*" with even r. Then we have natural splitting 

The evenness of r is critical for the splitting argument to carry through. In case 
r = ro is odd, we may not have such a splitting in general. However, if M = W^^^^ for a 
multiaxial U{n + l)-manifold W, then by ([2]), we have 

M_i = W_i_i, Lt;(„)(M_i) = Lt;(„+i)(iy_,_i), I < n. 

The link of W-i = M in W is CP^'~^, and r — 1 is even. Therefore the restriction 
^uin+i)(W) — )■ hij(^n+i)(W-2) of the surgery obstruction naturally splits. Moreover, this 
restriction is a composition of two restrictions 

I.U{n+l)iW) ^ I.u{n+l)iW^l) = Lt/(„)(M) ^ Lc;(„+i)(Vr_2) = Lc7(„)(M_i), 

SO that the restriction L[7(„)(M) — t- L[7(„)(M„i) also naturally splits. Combined with the 
fibration 

Lf;(„)(M,relM_i) ^ Lt;(„)(M) ^ L[;(„)(M_i), 
we get natural splitting 

Lt/(„)(M) =Lc;(„)(M,relM_i) ©Lc;(„)(M_i). 

We also note that 

Lt/(„)(M,relM_i) = L(7ri(M - M_i)) = L(7riM). 

Now the multiaxial U{n — l)-manifold M^'^^^ satisfies the condition of Proposition 14. 11 
so that further splittings of the surgery obstruction can be carried out. 
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Proposition 4.3. Suppose M is a multiaxial U{n) -manifold, such that the link o/ M_i 
in M is CP** with odd r. If M — H^^(^) for a multiaxial U{n-\- l)-manifold W, then we 
have natural splitting 

L[/(„)(M) =L[7(„)(M,relM_i) © (©i>oL[/(„)(M_2i-i, relM_2i_3)) 
= L(7riM) © (©i>oL(7riM_2i-i,7riM_2i-2)) ■ 

The condition for r odd is equivalent to dimM — dimM^*^^) — 2n is a multiple of 
4. A similar argument can be made for the structure set and gives us the following 
decomposition. 

Theorem 4.4. Suppose M is a multiaxial U{n) -manifold, such that the link o/ M_i in 
M is CP^ with odd r. If M — W'^^^'' for a multiaxial U{n-\-l) -manifold W, then we have 
natural splitting 

Suin){M) = S^'^M) © (©,>o§"^^(M_2i-l,M-2^-2)) . 

The only thing that needs to be explained is the top piece §[/(„) (M, rel M_i), computed 
as the homotopy fibre of the assembly map 

H(M;Lt;(„)(loc(M,relM_i))) ^ L[7(„)(M, relM_i). 

Wc already know L[/(„)(M, rel M_i) = L(7riM). Applying this to the coefficient of the 
homology, we know L[/(„)(loc(M, relM_i)) = L(7r), where n is the fundamental group of 
the orbit space of the local piece of M. Since the orbit space is locally contractible, we 
have TT = e, so that the coefficient is the usual surgery obstruction spectrum. We conclude 
that the assembly map is actually 

H(M;L) ^L(7riM). 
The homotopy fibre of the map is what we denoted as E>^^^{M). 

5 Structure Set of Multiaxial Representation Sphere 

Let pn be the defining representation of U (n) , and let e be the real 1-dimensional trivial 
representation. Then for any natural number k, the unit sphere 

M = S{kpn®je) = S{kpn) * S^-^ 

of the representation kpn © je is a multiaxial U (n)-manifold. We want to compute the 
structure set of this multiaxial representation sphere. 

If A; < n, then M = U{n) Xui^k-^ S{kpk and the study of the f/(n)-manifold is the 

same as the study of the U (/c)-manifold S{kpk ©je). Therefore without loss of generality, 
we will always assume A; > n in the subsequent discussion, and M is a multiaxial U (n)- 
manifold according to our working definition. 

The fixed points of M by C/ {i) is 

= © je) = © je) = S{kpn-i) * S^''. 
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This is a multiaxial U{n — z)-representation sphere and has dimension 

dimM^(^) = 2k{n 
The dimension gap between the top two strata is 
dim M — dim [/(n) y<u{n-i)xu{i) 

= [2kn - 1 + j] - [2k{n - 1) - 1 + j + - {n - if - 1^] 
= 2{k-n) + 2. 

Therefore the hnk of M_i in M is CP^~"'. If A; — n is even, then we can use Theorem 
14.21 to compute the structure set. If /c — n is odd, then we note that M = W^^^^ for the 
multiaxial U{n + l)-representation sphere W = S{kpn+i © je), so that Theorem 14.41 can 
be used. 

Now assume k — n is even. We compute the top piece 

§'^^s(M,M_i) = S^'^{S{kpn®je)/U{n),S{kpn^i®je)/U{n - 1)) 

in the decomposition of §(M) = Su(n){S{kpn © je)). The other pieces are similar, simply 
by replacing n with n — 2i. 

The representation sphere is the link of the origin in the representation space kpn © 
je = C'^" © W. By Propositions 12. 5[ both M and M_i are connected and simply con- 
nected. In case the action is not free, we have M_i ^ 0, and the surgery obstruction 
L,{ttiM, 7riM_i) = L(e, e) = 0, so that the top piece is the same as the homology 

H(M, M_i; L) = M{S{kpr,)/U{n) * S^-\ S{kp„.-i)/U{n - 1) * S^-^; L) 
= m_^{S{kp^)/U{n), S{kp^_^)/U{n - 1); L). 

Denote by 

N = Sikpn) 

the multiaxial representation sphere without the trivial summand. By dim M = dim M — 

71^ = 2kn — — 1 + j, we get 

= 7r2fc„_„2„i+,.e(M,M_i;L) = H^kn-n^.^iN ,N-iM. 

We remark that the f/(n)-action is free only when n = 1 and j = 0. In this case, 
the surgery obstruction L(7riM, 7riM_i) = L(7riM) = L(e). The case is exactly the fake 
complex projective space studied in Section 14C of [TO] . 

According to a computation of Jared Bass, N has a CW-structure that can be de- 
scribed as follows. An element in S{kpn) is a /c-tuple of vectors ^ = {vi,V2, ■ ■ ■ ,Vk) in C'^ 
of total unit length. By writing Vi as columns, the A;-tuple ^ can be expressed as a complex 
k X n-matrix. The action by a unitary matrix A & U (n) is simply the left multiplication 
AC, = {Avi,Av2, ■ ■ ■ ,Avk)- The orbit space N consists of the equivalence classes of the 
fc-tuples under the [/(ra)- act ion. Moreover, N — N^i consists of those fc-tuples of full rank 
n, and N_i consists of those A;-tuples of less than the full rank. 
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By using the Gram-Schmit process, up to unitary transformations, a /c-tuple ^ has a 
unique representative of the form 



/ A, 



* 

A2 



* 
* 

A3 



* 
* 
* 



\ 



\ 



I 



where the empty spaces are occupied by 0, * and dots mean complex numbers, Aj > 0, 
and the total length of all the entries is 1. Let \j appear vrtj place from the right end of 
the matrix (i.e., Aj lies in the k — mj + 1 column), and call (mi,m2, . . . ,md) the shape 
of the matrix. Then for any k > mi > 777.2 > • • • > irid > 0, d < n, all the matrices of 
the shape (7771, 7772, . . . , nid) form a cell, still denoted by (7771, 7772, . . . , 777,^). The cell has 
dimension 

dim(mi, 7712, . . . , 777^) = 2(777i + 777.2 + • • • + 777.^) — d — 1. 

Geometrically, the boundary of the cell (7771, 7772, 777^) consists of those shapes 
(777^, 7772, ■ • ■ , ?77^0 satisfying d' < d and 777^ < 777j, with at least one inequality to be 
strict. In homological computation, only those shapes of one dimension less matter. This 
means that 

777^ = 1, d' — d — 1, m[ — rui iov 1 < i < d. 
Therefore the only nontrivial boundary map of the cellular chain complex is 

9(7771, 7772, • • • , rUd-l, 1) = (777i, 7772, ... , rnd-l). 

The homology is then freely generated by the shapes that are neither (7771, 7772, . . . , rud-i, 1) 
nor (7771, 7772, 777rf_i) in the equality above. These are exactly the shapes satisfying 
d = n and 777„ > 1, and the shape (1) (meaning d = 1 and 7771 = 1). The shape (1) is the 
base point of N. 

The homology H^{N, N_i; L) is the limit of a spectral sequence with 

' Hp{N,N_i;Z), ifg = 0mod4, 
E^'" = Hp{N, iV_i; 7r,L) = \ Hp{N, iV_i; Z2), if g = 2 mod4. 



0, 



if q is odd. 



These can be computed by using the cellular chain complex of Jared Bass. Note that the 
condition d = n and 777„ > 1 implies that the cells have full rank and therefore lie in the 
top stratum of N. The condition also implies that the dimensions of the cells have the 
same parity as 77 + 1 and have range 

77^ + 277 — 1 < dim(777i, 7772, ■ ■ ■ , ?77„) = 2(777i + 7772 + • • • + ?77„) — 77 — 1 < 2A;77 — 77^ — 1. 

Incidentally, if A; = 77, the inequality cannot hold and the homology is trivial. 
The same parity property implies that E^f'^ already collapses and 



2kn-n^-l 



L(iV,iV_i;L) 



P+9=2fen— 



-1^2 ■ 
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We have 

where is the number of shapes (mi, m2, . . . , m„) satisfying 

rrin > 1, 2(mi + m2 + • • • + m„) — n — 1 = 2kn — ri^ — 1 — As. 

Let /li — rrii — {n + 2 — i). Then we are counting the n-tuples {/ii, 112, ■ ■ ■ , A*n) satisfying 

A; - n - 1 > //i > /i2 > • • • > A*n > 0, a*i + a*2 H h A*n = ''^(fc - n - 1) - 2s. 

Note that the first condition ahcady imphes < ^ < n{k — n — 1). Therefore the 
range for s is < 2s < n{k — n — 1). This also imphes p = 2kn — — 1 — As > 0. 
Therefore 

The sum Z]o<2s<n(fc-n-i) is the number of n-tuples (//i, ^2, ■ ■ ■ , A*n) satisfying 
A; — n — 1 > //i > //2 > • • • > A*n > 0, //j + n is even. 

Here the parity condition is due to the assumption that k — n is even. The sum of those 
£■1'^ with q — 2 mod 4 can be similarly computed. 

Proposition 5.1. iJ2fcri-ri2_i(iV, A^_i; L) = Z ©Z2'°'", where Ak,n is the number of 
n-tuples {ni, 112-1 ■■■ 1 l^'n) satisfying 

A; — n — 1 > //i > //2 > • • • > A*n ^ 0, /J'i + n is even, 

and n is the number of n-tuples satisfying 

A; — n — 1 > /xi > //2 > • • • > A*n > 0, lJ>i + n is odd, 

We remark that Ai;^^ + n is the number of n-tuples (/^i, 112, ■ ■ ■ , IJ'n) satisfying 

A; — n — 1 > //i > /i2 > • • • > > 0. 

The number is 

Note that {''~^) = when k ^ n. 

The other pieces in the decomposition for the structure set Su{n){S{kpn © je)) can be 
similarly computed and are equal to the homology in the proposition, after substituting n 
by n — 2i. However, in two cases, the last piece in the decomposition is of different type. 

The first exception is the case n is even and j > 0. By taking 2i — n, the last piece is 
S^^{M-n) — S{S{je)). (Here the first S in S{S{j€)) means the structure set, not sphere.) 
Since the structure set of the sphere S{je) — S^~^ is trivial, this means that we only 
consider pieces with 2i < n. 

The second exception is the case n is odd and j = 0. By taking 2i + 1 = n, the last 
piece is S^^{M_r,-i) = S{CP''~^). (Here S in S{CP''-^) means the structure set, not 
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sphere.) The homology is still given by the proposition, but the surgery obstruction is 
Z instead of 0. This reduces the number of copies of Z by 1 in the computation of the 
structure set. 

In summary, we have the following computation of the structure set of the multiaxial 
[/(n)-representation sphere in half of the cases. 

Theorem 5.2. If k >n and k — n is even, then 

Suin){S{kpn(B3e)) = Z^®Z^, 

where 

A = Ak^n-2i, B = -Bfc,n-2i 

0<2«<n 0<2j<n 

for the Ak^n o-nd B^ n given in Proposition \5.1[ The formula holds in general, with the 
only exception that, in case j = and n is odd, A should he replaced by A — 1. 

A remark on the notation: In Su{n){S{kpn © je)), the first S means the isovariant 
structure set, and second 5* means the unit sphere. 

Next we turn to the case k — n is odd. The only thing we need to discuss is the top 
piece S'^^^(M), computed by the surgery fibration 

§^'s(M) ^ H(M;L) ^ L(7riM). 

Since M is simply connected, L(7riM) is the usual surgery specturm L, and the assembly 
map is simply induced by the map from M to the single point. Therefore 

is the reduced homology. 

If j > 0, then H2kn-n'^-i+j{M';'L) = H2kn-n'^-i{.^]'L). Since the cells of N that gives 
nontrivial elements in the homology are either concentrated in the top stratum or is the 
base point given by the shape (1), the homology if2fen-n2-i(-/V; L) is still computed by 
Proposition 15. plus the homology at the base 

if n is odd, 



Ho{N; 7r2A;n-n2-lL) = Iv2fen-_„2_i(e) 



if n is even. 



If j = 0, then H2kn-n^-i+j{M]h) = if2fcn-n2-i(^; L)- This is the homology as com- 
puted by Proposition 15. where the homology at the base point is excluded. 

We also need to consider the case the last piece in the decomposition for Su{n){S{kpn(B 
je)) is S{CP^~^), similar to the exceptional case in Theorem 15.21 This happens when n is 
even, j = and 2i + 1 = n — 1. In this case, the number of copies of Z should be reduced 
by 1. 

Theorem 5.3. If k > n and k — n is odd, then 

Suin){S{kpn®]t)) = 'L^®'L^, 

where 

A = Ak^n + Ak^n-2i-l, B = Bk,n + -Bfc,n-2i-l 

0<2i+l<n 0<2i+l<n 

for the Ak^n o,nd B^^n given in Proposition \5.1[ The formula holds in general, with the 
following exceptions 
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1. If j = and n is even, then A should he replaced by A — 1. 

2. If j > and n is odd, then B should he replaced by B + 1. 

6 Multiaxial S'p(n)-manifold 

The symplectic group Sp{n) consists of n x n quaternionic matrices that preserve the 
standard hermitian form on H" 

(x, y) = xiyi + X2y2 H h x„?/„. 

We define a multiaxial S'p(n)-manifold as a manifold with locally linear Sp{n) action, 
such that any isotropy group is conjugate to a symplectic subgroup Sp{i), and the action 
has free points. As illustrated by the discussion in [4J, all our discussion about multiaxial 
f/(n)-manifolds is still valid, with f/(l) = replaced by Sp{l) = and CP'" replaced 
by HP''. Here are some key points. 

1. If S''^ (the group of quaternions of unit length) acts freely on a sphere, then the 
dimension of the sphere is 3 mod 4, and the quotient is HP'". 

2. Borel's theorem is about the dimension of fixed points of tori. The formula ([6]) 
still holds because M'^^*^*) = M^' and all tori in Sp{n) of the same dimension are 
conjugate. 

3. HP*^' is a manifold of signature one for even r. So results in Section [3] still hold after 
replacing CP'" by HP'". 

4. The unique representative of fc-tuples by Jared Bass up to the U (ri)-action is a con- 
sequence of the fact that GL{n, C) = U{n)N, where U{n) is the maximal compact 
subgroup of the semisimple Lie group SL{n, C) and is the upper triangular matrix 
with positive diagonal entries. This is a special example of the Iwasawa decompo- 
sition. When the decomposition is applied to the semisimple Lie group SL{n,M), 
for which Sp{n) is the maximal compact subgroup, we get GL{n,M.) = Sp{n)N. 
Therefore the description by Jared Bass is still valid, except 

dim(mi, m2, . . . , m^) = 4(mi + m2 -|- • ■ ■ -|- rrid) — 3d — 1. 

In what follows, we outline the computation of the structure of the representation 
sphere 

M = Sikpr,®je) = S{kp^)*S^"\ 

where pn = is the defining representation of Sp{n), and e is the real 1-dimensional 
trivial representation. We have 

dim M = Akn - 1 + j, dim M = Akn - n{2n + 1) - 1 + j. 

If — n is even, then the top piece in the decomposition of the structure set of M is 

5^'s(M,M_i) = 7r4fc„_„(2„+i)-i+,H(M,M_i;L) 

= H4kn-n{2n+l)~liN , N^i, L) 

= ®p+q=4:kn-n{2n+l)-lHp{N , N^i, TT^L). 
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For q = 4s, we have 

£^2'^* = i?4A;n-n(2n+l)-l-4s(^5 N^i] Z) = Z"% 

where is the number of shapes (mi, m2, . . . , mn) satisfying 

m„ > 1, 4(mi + 7712 + ■ ■ ■ + fTin) — 3n — 1 = 4/cn — 7i{27i + 1) — 1 — 4s. 
The condition is the same as 

m„ > 1, mi + 1712 + ■ ■ ■ + mn = k7i — -n{n — 1) — s. 
Let Hi = TUi — {n + 2 — i) . Then we are counting the n-tuples (/ii, /i2, . . . , /i„) satisfying 
A; — n — 1 > yUi > yU2 > ■ ■ ■ > A^n > 0, yUl + /i2 + ■ ■ ■ + /^n = '^(^ — n — 1) — s. 

For g = 4s + 2, we find the condition for (mi,m2, . . . , m„) is contradictory in parity. 
Therefore for 5']9(n)-representation sphere, the computation corresponding to Proposition 
15. II is the following. 

Proposition 6.1. Hikn-n{2n+i)^i{N , N^i;V) = Z^"'). 

This leads to the following computations of the structure set. 
Theorem 6.2. If k > ri aTid k — 71 is even, then 

Ssp(n){S{kpn®3e)) = Z^o<«<" ("-2'). 

The formula holds in general, with the only exception that, in case j = and n is odd, 
there is one less Z. 

For the case A; — n is odd, we need to compute the top piece 

If j > 0, then this is H4kn-n{2n+i)-i{N]'L), and is computed as in Proposition 16.11 plus 
the homology at the base point 

{Z, if n = 1 mod 4, 
Z2, if n = 3 mod 4, 
0, if 71 is even. 

If j = 0, then H^kn~n{2n+i)~i+j{M;'L) = H4^kn-n{2n+i)-i{N;'L). This is the homology as 
computed by Proposition 16.11 where the homology at the base point is excluded. Besides 
the top piece, we also need to consider the case the last piece is S{MP^^^), which happens 
when j = and n is even. In this case, the number of copies of Z should be reduced by 1. 

Theorem 6.3. If k > n and k — n is odd, then 

Ssp(n){S{kpn®]t)) = z('n')+^"<«+i<" (n-2?-i), 

with the following exceptions 

1. If j = and 71 is even, then there is one less Z. 

2. If j > and n = 1 mod 4, then there is one more Z. 

3. If j > and n = 3 mod 4, then there is one more Z2. 
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